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Abstract 

Given an arbitrary Wilson action of a real scalar field, we discuss how to construct the energy- 
momentum tensor of the theory. Using the exact renormalization group, we can determine the 
energy-momentum tensor implicitly, but we are short of obtaining an explicit formula in terms of 
the Wilson action. 
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I. INTRODUCTION 


The energy-momentum tensor is important for quantum field theory; it describes the 
conservation of energy, momentum, and angular momentum, and it also determines how the 
theory couples to weak external gravity. Long ago the construction of a symmetric energy- 
momentum tensor was discussed extensively in the canonical formalism by Belinfante [l| 
and Rosenfeld j^. It was shown that, given a lagrangian, an explicit formula can be given 
for the energy-momentum tensor. More recently (but also long ago) the construction of the 
“improved” energy-momentum tensor was discussed in j^, where renormalizability of the 
energy-momentum tensor in renormalized theories was proven within perturbation theory. 

In this paper we are interested in constructing the energy-momentum tensor of a generic 
real scalar theory, given its Wilson action. A Wilson action incorporates a momentum cutoff 
so that its functional integrals are well defined. But it contains all possible local terms, and 
no canonical method can be adopted for the construction of the energy-momentum tensor. 
The most straightforward approach would be to couple the theory to external gravity, and 
define the energy-momentum tensor as the functional derivative of the action with respect 
to the external metric. However, this adds further complexity to the study, and we would 
like to remain in flat space if possible. 

In constructing the energy-momentum tensor, we need an approach suitable to Wilson 
actions. Local composite operators, introduced in jd] (sect. 12.4 and Appendix) and [^, are 
inhnitesimal deformations of a Wilson action, and the energy-momentum tensor is a partic¬ 
ular example. We will formulate the Ward identity for the energy-momentum tensor using 
composite operators, in particular, equation-of-motion composite operators. [6| We will see 
that the equation-of-motion composite operators give us sufficient information to determine 
the symmetric energy-momentum tensor. We are short of obtaining an explicit formula in 
terms of the action, but we are left with only the familiar ambiguity that would correspond 
to the coupling to the Riemann curvature tensor if external gravity were present.}^ 

Throughout the paper, we resort to the assumption of locality of composite operators: if 
the space integral of a local composite operator vanishes, the operator must be a derivative. 
In the Fourier space, if a local composite operator vanishes at zero momentum, it must be 
proportional to a momentum: 


C)(p = 0) = 0 ^ 0{p) = 


( 1 ) 
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where J^{p) is also a local composite operator. 

Our present work was motivated by a preliminary presentation of the work js] in which 
the conformal invariance {q] of the 0{N) invariant scalar theory at its fixed point was proven 
using Wilson actions and the exact renormalization group. In a recent work by Rosten 
the energy-momentum tensor has been constructed for scale invariant Wilson actions. Our 
section has some overlap with part of the results obtained in . 

This paper is organized as follows. In sect. |TT]we briefly review Wilson actions and the 
exact renormalization group (ERG) transformation following the results of [n|. Additional 
details are given in Appendices lAI fc iBl In sect. uni we derive the operator equations starting 
from the naive invariance of the Wilson action under translations and rotations. In sect. CYl 
we derive the Ward identity for translation invariance that determines a symmetric energy- 
momentum tensor implicitly. In sect. |V]we use ERG to constrain the trace of the energy- 
momentum tensor. In sect. m we discuss the energy-momentum tensor for a fixed point 


Wilson action. Under the assumption, formulated in [^, we derive the Ward identity for 
conformal invariance. In sect. IVIII we show how our construction works using the massless 
free theory as an example. We conclude the paper in sect. IVIIII 

Throughout the paper we work in D-dimensional Euclidean momentum space, and we 
use the abbreviated notation 




( 2 ) 


II. WILSON ACTIONS 

We consider a real scalar theory in D-dimensional Euclidean space. We denote the 
Fourier transform of the scalar held by 0(p). Let be a Wilson action that incorporates 
a momentum cutoff so that the correlation functions dehned by 

(</>(Pl) • • • 0(Pn))5 = J [d(j)] • • • (j){Pn) ( 3 ) 

are free from ultraviolet divergences. We measure all dimensionful quantities in units of an 
appropriate power of the cutoff and deal only with dimensionless quantities. Hence, our 
momentum cutoff becomes 1 in this convention. 

We introduce a positive cutoff function K{p) that depends on the squared momentum 
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= P^J,P^i and decreases rapidly for > 1. We impose 


K{p) 1 


( 4 ) 


so that the cutoff does not affect low energy physics. Using K{p), we define modihed 
correlation functions by 


K{p) (1 - K{p)) 1 <52 


X(exp — 




(5) 


\ \ -^p P 

The exact renormalization group (ERG) transformation Rt acting on S is defined so that 
the modihed correlation functions are simply related as 

((0(pie‘) • • • 0(Pne‘)))^^^ = e‘'”(“^+^) ((0(pi) • • • (j){pn)}s (6) 

where the anomalous dimension 7 of 0 is chosen so that Rt has a hxed point. [n| 

Besides the Wilson action, local composite operators play a very important role in this 
paper. A local composite operator 0(p) is a functional of (j) which can be interpreted as 
an inhnitesimal deformation of the Wilson action, 
functions by 

1 


% Isj We dehne its modihed correlation 


{o{p)(p{pi)---(p{pn)}s = n 

X ( 0{p) exp — 


=1 K{pi) 

K{q) (1 - K{q)) 1 




(7) 


ERG acts on O such that 


(fl, 0 ) (pe') 4'{p^e‘) ■ ■ •^(P«e')))„,j = ( 0 (p) 4,(p,) ■ (8) 


(See Appendices lAl and iBl for more details.) 


III. INVARIANCE UNDER TRANSLATIONS AND ROTATIONS 

We assume that the theory described by the Wilson action S'[0] is invariant under both 
translations and rotations. Let us derive the consequences of this assumption. Some relevant 
technical details on composite operators are given in Appendix 
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A. Translation Invariance 


the Ward identity 

( 9 ) 

( 10 ) 

( 11 ) 

( 12 ) 

In the following we wish to show, in some details, that the operator identity flTOll is a 
consequence of the naive translation invariance 

which can be rewritten as 

= 9 ( 11 ) 

in coordinate space. The derivation is straightforward. Dehning 


Translation invariance implies that the correlation functions satisfy 

n 


2=1 


This is equivalent to the operator identity 


where 


(g/i [0(g)] e^) = 0 

K{q){l-K{q)) 6S 


[ 0 (^)] = 177 -^ 0 (^) + 


K{q) 

is the composite operator satisfying 




(([0(g)] 0(Pl) • • • 0(Pn)))5 = ((0(g)0(Pl) • • • 0 (Pn))) C 


k{q) ^ K{q) (1 - K{q)) 


(15) 


for simplicity, we hnd 




Jq 


-S 


50(g) 


(g/i [0(g)] e^) 

/ , , k{q) 6S 

gM0(g) + 


g2 50(-g)_ 


g^5(0) + g^ 


k{q) 


6^S 


+ 0(g) + 


k{q) 5S \ 6S 


g2 S(j){q)S(j){-q) \ q^ S(j){-q) J S(j){q) 

-[ 5g f k{q) f S^S 5S SS \ 

^ 50(g) Jq^^ g 2 \6(j){q)6(j){-q) ^ 50(-g) 50(g) J 


(16) 


The hrst term vanishes due to flTSH . and the second term vanishes since the integrand is odd 
under the inversion g —)■ —g. Hence, we obtain ffTOj) . 
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B. Rotation Invariance 


Rotation invariance implies the Ward identity 


d 


fp- iyUPl) ■ ■ ■ )) = ® 


(17) 


i=l W // s 

for an arbitrary constant antisymmetric tensor This is equivalent to the operator 

identity 


-flU 


[0(9)]e^ I =0 


(18) 


Jq 50(g) V % / 

We wish to show, in the following, that this operator identity results from the naive rotation 
invariance of the action: 

00(g) 55 




The derivation is again straightforward. 

Using the rotation invariance of k{q) = K{q) (1 — K{q)), we obtain 

5/0 




= / e 

Jq 


-s 


50(g) 


0 , k{q) 5S \ s 

1 -^ I ® 


% \ 

k(q) ( 0 525 

- ' e-f^uQu - 


g2 50(-g)_ 


-i 


U q \ -iM 


2 '^"'^'^‘^0g,50(-g)50(gO^,^^ 

00(g) 55 g r k{q) d 6S _ 

q 0g^ 50(g)^ g2 dq^ 6(j){-q) 50(g) 


+ / 

Jq 


55 


i/7 •'q H '-^'i/i 

The second term on the right vanishes due to ([19]). Hence, we obtain 

5 /_0 

,q 6(j){q) V0g, 


/ R(g)e ^e^^q^ 

Jq 


[0(g)] e‘ 


M 


fc(g) 1 


/g g2 2^''‘'^^0g^ \ 50(-g)50(g) ' 5(l){-q) 5(t){q)) 


0 


525 


+ 


55 55 


0 fc(g) 1 


525 




55 55 \ 


^50(-g)50(g) 50(-g) 50(g) j 


This vanishes thanks to the rotation invariance of k{q). Hence, we obtain (ITS]) . 


IV. CONSTRUCTION OF THE ENERGY-MOMENTUM TENSOR 


(19) 


( 20 ) 


( 21 ) 


Given a Wilson action 5[0] with the invariance under translations and rotations, we 
would like to construct the energy-momentum tensor. 
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To start with, we introduce a local composite operator with momentum p, dehned by 


J^(p) = J K{q)e + + 


fq 6(j){q) 

This vanishes at p = 0 as a consequence of the translation invariance (1T0|1 : 

MO) = 0 


( 22 ) 


(23) 


Since JM) ^ local composite operator that vanishes at p = 0, it must be proportional to 
p so that 

Jfiip) = Pv’^yM) (24) 

in terms of another local composite operator Qvfiip)^ which we call the energy-momentum 
tensor. Note that this relation does not determine QuM) uniquely; it has an additive 
ambiguity by 

Pa ^ua,iJ,{,P) 

where 


Y = —Y 


(25) 

(26) 


We now differentiate 

d f 

QaM) + = J 


with respect to Pa to obtain 
q 6(j){q) 


Saf, + {p + q)^ 


_d_ 

dqa 


[0(p + q)] e‘ 


(27) 


Antisymmetrizing this with respect to a and p, we obtain 

'dQyM) dQMp)\ 


QaM) - ^Mp) +T 
5 


dpc 


dp. 


= f K{q)e-^- 

J a i 


6(j){q) 


d 9 1 

(g + -(9 + p)n^ f ['(’(p + 9)1 


(28) 


6 0 Vi ' ^ / (-X r\ 

Rotation invariance implies the vanishing of the right-hand side in the limit p = 0. Hence, 
we hnd 

0aM(p)-0/2a(p) ^0 (29) 

Since Q^uip) is a local composite operator, this implies that the antisymmetric part of Q^P) 
is a local composite operator proportional to p: 


Gfvip) - 01.,.(P) = PaT„,„„(p) 


(30) 


where 


TaMp) = 


(31) 
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Using Ta^ni, we can construct a symmetric energy-momentum tensor following the proce¬ 
dure given in [l| and j^. We define 

which is antisymmetric with respect to the hrst two indices 




(33) 


and 

Bqii/^(^P^ Ta,iiu{p^ 

We then redehne the energy-momentum tensor by 

^'^,u{p) = 'S)^,y{p) - PaBat,u{p) 

which, on account of ((33]), satishes 


Pt.Qf.uip) = Pf.Q'^uip) 

and is, thanks to (IM|) . symmetric 




(34) 


(35) 


(36) 


(37) 


We will omit the prime on from now on. 

To summarize so far, our energy-momentum tensor Q^uip) is symmetric, and it satishes 


PpS;.f(p) = K(q)e ((P + Q)- IHp + 7)1 «*) 


(38) 


for translation invariance, and 


/ ^Qu^^{p) 

V dpa 


dQua{,p) \ 

dp,, ) 


for rotation invariance. fl5^ is a consequence of the symmetry and (1551) . The 

energy-momentum tensor Q,,u{p) is now left with an additive ambiguity by a symmetric 


tensor 


PaP/3yf^,^sip) 


( 40 ) 








where Y^a,vii{p) must satisfy 


This implies 


0 


PfiPaPl3Yf,a,ul3{p) = 0 


Yfj,a,u/3 Yi/jj^^oi Y^oi^i, 

which is the symmetry of the Riemann curvature tensor Rfj,avi 3 - 


(41) 


(42) 


V. CONSISTENCY WITH ERG 


We now combine the results of the previous section with ERG. Differentiating 
respect to p^ and summing over z/, we obtain 


d 

Qip) + Pt^^Qf^Ap) 

OPu 

= -DN{p) + / K{q)e 
Jq 


S(j){q) 


d 


where 0 = is the trace, and 


^{P) = -J K{q)e ([0(9 + P)]e^) 


iq 6(j){q) 

is an equation-of-motion composite operator satisfying 


with 


(43) 


(44) 


2=1 


In the limit p —)■ 0, 


l)---0(Pn)))s = ^ 

gives 


1 • • • 


+ P) • • • AP' 


nj//s 


(45) 


0 ( 0 ) 



4„|^l^(4)|e" 


(46) 


where we denote Af = Af{p = 0). 

The trace 0(0) is related to the ERG differential equation, which is briefly reviewed in 
Appendix [Bl ERG acts on the Wilson action S as 


DSM.4(fl.S)|,^„=/A-(,)e-W. 


‘‘“i 


+ 


,q 6(j){q) 

(This is flB5l) of Appendix iBl) Gomparing this with fl46ll . we obtain 


D + 2 


+ PjM (47) 


0(0) = VS - +'i'j 


(48) 
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where + 7 is the full scale dimension of the scalar held in coordinate space. Generalizing 

this to non-vanishing momenta, we obtain 

0(p) = 0{p) - + 7 ) -^(P) (49) 

where 0{p) is a local composite operator whose zero momentum limit is 

O{0) = VS (50) 

dehned by fHTll . Please recall that Q^uip) is ambiguous by PaPpY^la,u| 3 {p)■ This translates 
into the ambiguity of 0 (p) (and also 0{j))) by PaPi3YiJLot,ti0{p)- 


VI. THE ENERGY-MOMENTUM TENSOR AT A FIXED POINT 


Let us suppose S' is a hxed point Wilson action S* corresponding to the anomalous 
dimension 7 for the scalar held. We then hnd 


O{0) = 0 

so that there must be a local composite operator K^{j)) that gives 


(61) 


Hence, becomes 


0{p) = p^,K^{p) 


0(p) = p^,K^{p) - ( + 7 ) ■AA(p) 


Especially, at p = 0, we obtain 


e(o) = -('tU^ + 7)Af 


(52) 


(53) 


(54) 


which has been obtained also in [1Q|] (see (4.44) at the end of IV D of |uil)i- 

We now consider local composite operators at the hxed point, which form an inhnite 
dimensional linear space. A local composite operator O with scale dimension —y satishes 


R.O = 


( 66 ) 


SO that (0) gives 

; 0 (pe‘) ,).(p,e'). ■■<j>(p„e‘)} = e‘{-»+"(-^+'’)} (56) 
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at the fixed point. We assume that we can choose a basis consisting of composite operators 
with definite scale dimensions. An arbitrary composite operator can then be given as a 
linear combination of various composite operators with various scale dimensions. 

The translation invariance fl55]l implies that Q^u{p) has scale dimension 0. (In coordinate 
space Qfj,u{x) = /phas scale dimension D.) Since Af{p) also has scale dimension 
0, the current K^{p) must have scale dimension —1. (Hence, scale dimension D — 1 m 
coordinate space.) If there exists no well-defined local composite operator K^{p) that has 
scale dimension —1, i.e., 


) (p) = e‘KJp) 


(57) 


then 0{p) inevitably vanishes, as has been also pointed out in the note added of [10|. (The 
non-trivial differential equation corresponding to 0571) is obtained from 0B12D of Appendix 
[B]with y = 1.) For the real scalar theory in D = 3, it has recently been shown in [81] that 
a well defined local composite operator K^lp) of scale dimension —1 does not exist so that 
0{p) vanishes. Hence, as is explained below, scale invariance implies conformal invariance 
for the critical Ising model. 


Now, it has been o: 
variance or not. (See 
As has been shown in 


' much interest lately whether scale invariance implies conformal in- 


10| within the context of ERG. See also 12| for a recent review.) 


7|, conformal invariance is equivalent to 


0(p) = PuP^L^^ip) 


( 68 ) 


where L^y{p) is a symmetric local composite operator of scale dimension —2. Note that the 
ambiguity of 0{p) hy PaPi 3 Y^a,vy{,p) affects Tpj,(p) by Yafj,,av{p)- Hence, it does not affect the 
conclusion below. (In fact as has been shown in [7| we can redefine Qfj,u{p) fo make 0{p) = 0 
if fl55]) holds.) 

If 11581) holds, we can derive the Ward identity for conformal invariance. In coordinate 
space the infinitesimal conformal transformation is given by 


I -x^xA + ^x^da - (~Y~ + T ) *“ ) 'I’ix) 


(59) 


where the last term proportional to is determined by the full scale dimension of the scalar 
field. Going to the momentum space, we obtain 


6(j){p) = iea Pv 




Pa- —-h ( D 


dpydpa 2 dpydp, 


D-2 


+ 7 


A. 

dpa 


0(p) (60) 
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To derive the Ward identity, we use 


0(P) = PliPuLf,u{p) 


D-2 


+ 7 ) AA(p) 


and compute 




P^ 


dpadpi, 


1 

2^^'^dppdpp) 


^ 0 


^u^l{p) 




\ 


dpadpu 2^°‘''dppdpf}) 


d 


ip^^Qu^,ip)) - ^©(p) 




dpcdp^ 

d 


dpo 

where we have used 


^ 

2 "''dppdpp) 
D-2 




{q + p)u [ 0 (g + p)]e‘ 


+ 7 ■AA(p) - p^p^L^^{p) 






, dpadpu 


and (jniD. We then obtain 

-^ 0 , 


le 

2 "^dppdpp) 


Qut,{p) 


= [ K{q)e 

JQ 


= [ K{q)e 

Jq 


50(g) 
D-2 
2 

-s* 


02 


02 


_1a 

dpo^dpy 2 '^''dppdpp^ 


{(? + p)i^[ 0 (g + p)]}e‘ 


7 


0 


50(g) 


0p, 

< (g + p) 


[0(g + p)]e^* 
02 


A. 

dpa 


{PfiPi^Lf,^{p)) 


' dpadp^ 


1 , ^ <92 ■ 

2 ^ + ^ °‘dppdpi3 


[0(g + p)] 


D + 2 


-7 


A. 

dpa 


[0(p + g)] e‘ 


A. 

dpa 


{p^p^L^^{p)) 


In the limit p —)■ 0 the left-hand side vanishes, and we obtain 


0 = / K{q)e-^^ 

da 


6(j){q) 
D + 2 


02 


- 


02 


dqadq^ 2 dq^idqf} 


W)] 


-7 


A. 

dqa 


[0(g)] \ e‘ 


This gives the Ward identity for conformal invariance 


E p 


02 


i=l 


dpiadp, 

D-2 


- 7P^ 


02 


D- 


0 


7)E — 

' h dpi 


2‘"‘“9p,/j9pi/j dpiaj 




(61) 


(62) 


(63) 


(64) 


( 66 ) 


where the right-hand side is determined by the full scale dimension of the scalar held at the 
hxed point. 
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If fl58|) does not hold, the left-hand side of fIMl) becomes Ka{0), and we obtain 
^2 1 

^ -On. 7 


£'lUr\ r\ 

^ dpiadp, 

D-2 


2 dpifjdpip dp 


((0(Pl)---0(Pn)))5* 


7)E — 

' h 9pic 


■ ■ ■ <t>{Pn))s* - (KaiO) 0(pi) • • • (j){p, 


n)//S* 


( 66 ) 


instead. 


VII. THE GAUSSIAN FIXED POINT 

In this section we would like to give a concrete, though very simple, example of construct¬ 
ing the symmetric energy-momentum tensor using fl38|) . 

We consider the Wilson action at the gaussian hxed point, corresponding to the free 
massless theory with 7 = 0: 

„2 


Said] = — 


P 


2 Jp K{p) 


■4>{p)4>{-p) 


(67) 


We then obtain 




K{p) 

V(p) = - + 


i5(pi + P 2 - p) i|^(Pi)'#>(P 2 ) (p? + P 2 ) 


( 68 ) 


(69) 


Jpi,P2 2 

where a held independent constant proportional to 6{p) has been ignored for J\f{p). (Com¬ 
posite operators at So have been discussed extensively in Appendix of 01 •) dM]) gives 

PpQpuip) = {{P + q)MP + 

= - [{p +q)Mp +q)(l){-q) (70) 

Jq 

Now, 0^12(p) is a symmetric tensor with scale dimension 0, and it can be written as 

1 


^fiu{p) = I S{pi + p2 - p)^d{Pi)(p{P2) Cf,^{pi,p2) 

'JP1,P2 ^ 


(71) 


where 


Cp,u{Pl,P2) = A {pipPlu + P2pP2u) + B {pi^P2u + PluP2p) + (C (pi + P 2 ) + ^>^ 1 ^ 2 ) (72) 
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Substituting this into flTOj) . we can determine S, C, D in terms of A as 


C^u{Pl,P2) = ^t,uPlP2 -PltiP2u -piuP2ti + A\Jj)i + P 2 )^.{pi + P2)v “ {Pl +^ 2 )^^} (73) 


where A is left arbitrary. Hence, we obtain the energy-momentum tensor 


where 


2i i 


ii i 


(P) - 


i i 


(p) + A 


(P) (74) 


(P) = / <^(Pl +P2 -p)0(Pl)0(P2)piMP2i., 

^Pl,P2 

(P) = [ S{pi+P2-p) ^0(P1)0(P2) 


/pi,P 2 

The term proportional to A corresponds to 

^fj,a,ul3(^p') A 2 *^ (P) 

which is a composite operator of scale dimension —2. Since the trace is given by 

■f 


0(p) = iD-2) 


l-da(j>-da^ 

2i i 


ip) y4(l - D)p^ 


(p) 


and the equation-of-motion composite operator by 


A7(p) = p^ 


(p)-2 


\-da(f>-da(, 

i2i I 


(p) 


we obtain 


o(p) = e(p) 


D-2 


= U(l--D) + 


N(p) 

D-2 


P 


(p) 


(75) 

(76) 


(77) 


(78) 


(79) 


(80) 


which is quadratic in p. Hence, as is well known, the free massless theory has conformal 
invariance. By choosing 


A = 


D-2 


(81) 


2(77-1) 

we obtain an improved energy-momentum tensor for which 0{p) vanishes identically. [3| 

In Appendix Owe consider an inhnitesimal neighborhood of Sq and construct the energy- 
momentum tensor there. 
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VIII. CONCLUSIONS 


In this paper we have considered how to constrnct the energy-momentum tensor 0^j,(p), 
given a Wilson action which is invariant under translations and rotations. To make our 
task manageable we have introduced certain restrictions on the kind of Wilson actions we 
consider. We have assumed the continuum description of a Wilson action which is dehned for 
an arbitrary continuous scalar held in D-dimensional space. In particular we have assumed 
that the ultraviolet cutoff of the theory is provided by a smooth cutoff function K{p) of 
squared momentum which is itself rotation invariant. 

Considering how long we have been familiar with the idea of Wilson actions, it is some¬ 
what surprising that a problem as fundamental as construction of the energy-momentum 
tensor for a given Wilson action has never been considered fully before. It may be also a 
little surprising but reassuring that the naive translation invariance (IT^ and rotation in¬ 
variance flT^ of a Wilson action give us enough to construct the energy-momentum tensor 
Q^u{p) with expected properties, simply by following the existing formalism. In particular, 
we have derived the Ward identities fl55D and fl5^ . which amount to 


{p) (j){pi) ■ ■ ■ (l>{Pn)}s 





Z=1 


dQu/iip) dOj^aip)' 


dpc 


dPi. 


■ ■ ■ <t>{Pi + P) ■ ■ ■ (l>{Pn)}s 


0(pi) • • • (t){pn 


( 82 ) 


= £ l!^^i.Pl) ■ ■ ■ - (P + ^^P + Pi)--- (t)i.Pn)jj (83) 

for the correlation functions. In demonstrating the existence of such Qfj.u{p), all we need is 
the assumption ([T]) that a local composite operator that vanishes at zero momentum is a 
spatial derivative. 

We have shown that the symmetry Qfj,u{p) = Qufi{p) and the translation invariance (l38|) 
determine 0^j/(p) implicitly but almost uniquely. An additive ambiguity of the form fHOj) 
exists no matter what formalism we use. 

Though we have considered only scalar theories in this paper, it should be straightforward 
to generalize our construction of the energy-momentum tensor to theories with spinor helds. 
For gauge theories, especially YM theories, we may need extra work to incorporate gauge 
invariance of the energy-momentum tensor. 
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Appendix A: Equation-of-motion Composite Operators 


In this appendix we snmmarize, for the reader’s convenience, the salient featnres of the 
equation-of-motion composite operators, which were originally called redundant operators 


in |l^ in the context of the renormalization group. (The recent review article 1^ adopts 
this original nomenclature.) More details can be found in §4 of 6|. 

Given a composite operator 0{p), we dehne the corresponding equation-of-motion com¬ 
posite operator by 

>q 6(j){q) 

This has the following modified correlation functions: 


fo(p) = -J {0{q + 


(Soip) 0(Pl) • • • 0(Pn)))5 = n 


=1 K{pi 
n 

= E 


■ (^o(p) 0 (Pl)--- 0 (Pn))s 

^ ■ 0{pi + p) ■ ■ ■ (t){Pn)}s 


i=l 




For example, if we choose 0(p) = [(/>(p)], we obtain 

%(p)=A/'(p) = -/A'(,)e-“W 

Jq 

satisfying 

n 

(M{p) 0(pi) • • • (t){Pn))s = E 

i=l 

Especially, N = AA(0) counts the number of helds: 


q -f p)] 


' <P{Pi +P)--- <P{Pr, 


(Al) 


(A2) 


(A3) 


(A4) 


((■A^0(Pl) • • • 4>{Pn)}s = n ((0(Pl) • ■■4>{Pn)}s 


(AS) 


We obtain another example by choosing 

0{p) = Pf,-^ [(j){p)] (A6) 

We then obtain 

(Soip) (j){pi) • • • (j){Pn)}s = E ■ (P + • • • (l^iPn)jj (A7) 

Especially, for p = 0, we obtain 

((£o(0) 0(pi) • • • (j){Pn)}s = E (AS) 


16 











Appendix B: ERG Differential Equations 


In 


ll| it was shown that ([6]) is equivalent to the ERG differential equation satisfied by 


St = RtS: 




(m , D 

[k{p) + : 


7 +Pm 


dPn 


0 (P) 


+4 - 27R:(p) (1 - K{p))} l 


6(j){p) 

6^ 


p^ 


2 6(j){p)6(j){-p) 




(Bl) 


where 

A(p) ^ -2p^^K{p) (B2) 

We wish to rewrite this equation as an operator equation using equation-of-motion composite 
operators. 

We first rewrite (E]) as 


We then differentiate the above with respect to t to obtain 

{dtSt (pipi) ■ ■ ■ (p{Pn)))s, = n + 7) (( 0 (Pi) • • • (PiPn)}s, 

-|:((^(pO-P.,.|^-^(p..)))^_ (B4) 

Hence, using the two examples given in Appendix we obtain an operator equation 

SAW = (-^ + 

This is equivalent to flBip . Hence, the Wilson action changes by an equation-of-motion 
operator under ERG. 

The change of a composite operator under ERG is also an equation-of-motion operator. 
Let 0{p) be a generic composite operator. Its ERG transformation is given by (jH]): 

^{RtO){pe^) 0(pi) • --(Isipn)}^^ = e‘'”("^+^) ((C>(p) 0(pie"*) • • • 0(p„e“*)))^ (B6) 

Differentiating this with respect to t, we obtain 

({RtO){pe^) e^‘) 0 (pi) • • • 0 (Pn)))^^ 

= n + 7) (((RtO)(pe*) 0 (pi) • • • 0 (Pn)))^^ 

~ (^iS,tO){pe^) 0(pi) • ■ (B7) 
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This amounts to the operator equation 


e ({RtO){pe‘') 


'D + 2 d ' 


(R,0){pe‘)MM) 


3‘S'tM 


(B8) 


where [O' 0(p)] is a composite operator defined by 

1 - K(p) SO' 


[0>(p)] ^ O' [0(p)] + 


p^ 6(j){—p) 


(B9) 


By definition, we find 


i[ 0 '(j){p)] (j){pi) ■ ■ ■ (j)iPn)}s, = {O' 0(P)0(P1) • • • 4 >{Pn))s, (BIO) 

The right-hand side of (IBSp is an equation-of-motion composite operator. 

At a fixed point S'*, a composite operator O with scale dimension —y satisfies 

(/?iO)(pe*) =e^*0(pe*) (Bll) 

Substituting this into fIBSp . we obtain 

+'’"I;) ^ I * ’"I;) 


Appendix C: Q^u{p) in the Infinitesimal Neighborhood of Sg 


We consider an infinitesimal neighborhood of the gaussian fixed point Sq by adding an 
arbitrary potential term with infinitesimal coefficients: 

1 

9n ~c 

n=l 


s{g} [</>] = Sg[(I)] -J29n 


12n 


( 2 n) 


( 0 ) 


where 


L2n 


(2n)! 


n—l 

k=0 
X 


/ H- Vp2{n-k)-p) 

^Pl.'",P2(n-fc) 

(t){pi) ■ ■ ■ (t){p2{n-k)) 


(Cl) 


(C2) 


(2(n — k))\ 

is a composite operator of scale dimension —pn = n{D — 2) — D defined at Sg- The constant 
C is defined by 


C = 


1 r K{q) 

2 4 


(C3) 
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so that is normal ordered. We find 


i2n 


(pe ) (j){pie ) ■ ■ ■ (j){pke^)})^^ =e 




(j) ^ (p) Api) ■ ■ ■ APk] 


Sg 


(C4) 


The symmetric energy-momentum tensor can be constructed from fl38p . We only give 
results here. To first order in g^s, the energy-momentum tensor is given by 


QAp) = 


liu 


2i i 


{P) 


-dA-dv 

i i 


{P) 


r 1 1 ^ 

+A (p^,py - p^ 5^A) -A {p) - 9 


n=l 


i2n 


{2n)\ 


i.P) 


(C5) 


where the composite operators are corrected to first order in g's as 


-dA-du 

i i 


(p) = / <5(pi + P2- p)Api)AP2)Pi^P2u - JAp) 

ypi,P2 n=2 “'Pl>'".P2(n-l) 

x5(pi + • ■ ■ + P2{n-1) - p) (2(n- ' ' ' AP2{n-l)) 

f 1 ~ A' f 

(p) = / S{pi+P2-p)-Api)AP2) - Hp)Y.A 

JV^.V'2 ^ _o Jv 

1 


''P1-P2 

X5(pi H-hp2(n-l) -P) 


(2(n-l))! 


n=2 “'Pl.-.P2(n-l) 

APi) ■ ■ ■ AP2(n-l)) 


The parameter gn is defined by 


CO Qk 

9n = / . 9n+k~rr 
k=0 


The functions I{p) and J^u{p) are well defined for 2 < D < 4, and given by 
f( f l-K{q + p) 


/o 


2, fA{q){l-K{q))\ , 

' g2 )^D{D-2y^Ag 


D 


2 fAiq)il-Kiq)) 

On 


where A{p) is defined by 

The trace is given, again to first order, by 

D — 2 °° 

0(p) =- 7^A{p) - ^ Vngr. 

^ n=l 


i2n 


(2n)! 


(P) 


(C6) 


(C7) 


(C8) 


(C9) 


(CIO) 


(Cll) 


ii A= {D — 2)/{2{D — 1)) is chosen. Note that Undn is the beta function of under ERG. 
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